Derived categories, tilted algebras, and Drinfel'd doubles  by Peng, Liangang & Tan, Youjun
Journal of Algebra 266 (2003) 723–748
www.elsevier.com/locate/jalgebra
Derived categories, tilted algebras, and Drinfel’d
doubles ✩
Liangang Peng and Youjun Tan ∗
Department of Mathematics, Sichuan University, Chengdu 610064, People’s Republic of China
Received 24 January 2003
Communicated by Michel van den Bergh
Abstract
Given a finite dimensional hereditary algebra Λ over a finite field k, in the derived category
Db(Λ) we obtain some formulae on Hall numbers associated to triangles. Using them we prove
that, for any tilted algebra Γ of Λ, there is an embedding of the twisted Ringel–Hall algebra of
Γ into the Drinfel’d double D(Λ) of the twisted Ringel–Hall algebra of Λ. Furthermore, if Γ
is also hereditary, we show that this embedding can be extended as an isomorphism between the
two corresponding Drinfel’d doubles. These formulae are also used to construct an automorphism
of D(Λ) directly associated to Auslander–Reiten translation, and this automorphism follows by
B. Sevenhant–M. Van den Bergh’s construction in the case of quivers.
 2003 Elsevier Inc. All rights reserved.
Introduction
The theory of derived categories of finite dimensional algebras developed by Happel
is an important tool to study representations of algebras, especially representations of
quivers [5]. Recent study shows it also reveals connection between Lie theory and
representations of algebras. In [6], Lie algebras of Ringel–Hall type are constructed from
the so-called root categories which are some quotients of derived categories of hereditary
algebras, and hence a realization of all symmetrizable Kac–Moody algebras is obtained.
Some natural structures of derived categories associated with hereditary algebras are
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corresponds to Chevalley involution, and the tilting transformation on the root category
implies a decomposition of the Lie algebra [7]. In this paper we try to show that derived
categories associated with hereditary algebras also induce some constructions related to
corresponding Drinfel’d doubles and quantum groups.
The realization of (the positive part of) quantum groups via Ringel–Hall algebras
due to C.M. Ringel and J.A. Green implies that the twisted composition algebra of a
quiver (without loops) does not depend on its orientation. For representation theory of
quivers, the twisted Ringel–Hall algebra, which contains the composition algebra as its
subalgebra, is also an important object to study. As pointed out by G. Lusztig and proven
by B. Sevenhant–M. Van den Bergh via Fourier transformations [10], the twisted Ringel–
Hall algebra is also independent on the orientation of the quiver. Although variance
of orientations induces equivalences between some subcategories of representations of
the quiver via the so-called reflection functors due to I.N. Bernstein–I.M. Gel’fand–
V.A. Ponomarev [4], these equivalences cannot lead to independence of twisted Ringel–
Hall algebras on the orientation of the quiver. However, they were used to show that the
Drinfel’d double of the twisted Ringel–Hall algebra does not depend on the orientation of
the quiver [10].
M. Auslander, I.M. Platzeck, and I. Reiten generalized reflection functors to more
general situations [2]. This generalization leads to tilting theory, which has become an
important method in representation theory of artin algebras since then. For an arbitrary
finite dimensional hereditary algebra Λ over a finite field k, the motive of this paper is to
show that the above result due to B. Sevenhant and M. Van den Bergh can be generalized to
any tilting modules. To this end, we use derived category theory to establish some formulae
on Hall numbers associated to triangles. It follows that, for an arbitrary tilting module T
of Λ, there is an embedding of the twisted Ringel–Hall algebra of the corresponding tilted
algebra Γ into the Drinfel’d doubleD(Λ) of the twisted Ringel–Hall algebra of Λ. In fact,
the construction of the embedding follows naturally by tilting theory and derived category
theory. More precisely, there is an embedding induced by tilting functors from modΓ into
the derived category Db(Λ) [5], and this embedding induces the embedding of the twisted
Ringel–Hall algebra of Γ into D(Λ) in a natural way. In particular, when T is a slice
module and hence Γ is hereditary, this embedding can be extended as an isomorphism
between Drinfel’d doubles D(Λ) and D(Γ ).
For a quiver without loops, the relation between reflection functors and the Auslander–
Reiten translation on the representation category of the quiver implies that the AR
translation induces an isomorphism between the corresponding Drinfel’d doubles due
to Sevenhant–Van den Bergh’s construction: one may express the AR translation as a
composition of a suitable sequence of reflection functors. Here, for any finite dimensional
hereditary algebra Λ over a finite field k, associated to the Auslander–Reiten translation
we construct an automorphism of D(Λ) directly.
Such isomorphisms and automorphisms as above can be restricted to the Drinfel’d
double Dc(Λ) of the composition algebra of Λ, and hence obtain certain isomorphisms
and automorphisms of quantum groups via representation theory of hereditary algebras.
Our argument can be applied to a more general situation. In fact, in the derived category
Db(Λ) of a hereditary algebra Λ over a finite field k, if there exist two subcategory T
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associative algebra H(T ,F) whose structure constants are Hall numbers of triangles in
the derived category Db(Λ). By an entirely similar argument to that for tilted algebras,
there is an embedding of H(T ,F) into the Drinfel’d double D(Λ). If the category T ∪F
happens to be hereditary (e.g., a module category of a hereditary algebra), then we have
the corresponding Drinfel’d doubleD(T ,F) according to Green–Ringel theory. Again we
can enlarge the above embedding as an isomorphisms between Drinfel’d doubles. This
may lead to more isomorphisms of quantum groups via derived categories of hereditary
algebras.
Through this paper we assume that Λ is a finite dimensional hereditary algebra over
a finite field k and we denote by modΛ the category of finitely generated right Λ-modules,
and by Db(Λ) := Db(modΛ) the derived category of bounded complexes of modΛ.
The paper is organized as follows. In Section 1 we establish a formula in the derived
category Db(Λ) via analysis of orbits. In Section 2 we fix some notation and review
basic construction of Drinfel’d doubles associated with hereditary algebras. In Section 3
we construct the embedding and in Section 4 we extend it as an isomorphism between
Drinfel’d doubles for the case that the tilted algebra is hereditary. In Section 5 we construct
the automorphism via Auslander–Reiten theory.
1. A formula on triangles of Db(Λ)
In a category C, we denote by fg the composition of morphisms f :A → B and
g :B→ C in C . We denote by (a, b)t the transpose of (a, b). For a finite set S, we denote
by |S| the cardinality of S.
Note that the derived category of an associative algebra is a triangulated category. Let
us recall some definition and basic facts of triangulated categories based on [5]. Let C be an
additive category with an automorphism T, the so-called translation functor of C . Consider
sextuples of the form X u−→ Y v−→ Z w−→ TX for objects X, Y , Z in C . Morphisms between
sextuples are triples of the form (f, g,h) such that the following diagram commutes:
X
f
u
Y
g
v
Z
h
w
TX
Tf
X′
u′
Y ′
v′
Z′
w′
TX′
.
Let Ω be a set of some sextuples. The triple (C,T,Ω) is a triangulated category if the
following axioms (TR1–4) are satisfied and elements of Ω are called triangles.
(TR1) Any sextuple isomorphic to a triangle is a triangle. Any morphism u :X→ Y can be
embedded into a triangleX u−→ Y v−→Z w−→ TX. The sextupleX 1X−→X 0−→ 0 0−→ TX
is a triangle, where 1X is the identity morphism of X.
(TR2) If X u−→ Y v−→ Z w−→ TX is a triangle, then Y v−→ Z w−→ TX −Tu−−−→ TY is a triangle.
726 L. Peng, Y. Tan / Journal of Algebra 266 (2003) 723–748(TR3) For any triangles X u−→ Y v−→ Z w−→ TX and X′ u′−→ Y ′ v′−→ Z′ w′−→ TX′, if there are
morphisms f :X→ X′, g :Y → Y ′ such that f u′ = ug, then there is a morphism
(f, g,h) from the first triangle to the second.
(TR4) (The octahedral axiom). Assume that
X u−→ Y i−→ Z i′−→ TX, Y v−→ Z j−→X′ j ′−→ TY, X uv−→ Z k−→ Y ′ k′−→ TX
are triangles. Then there are morphisms f :Z′ → Y ′ and g : Y ′ →X′ such that the
following diagram commutes and the third row is a triangle:
T−1Y ′
T−1g
T−1k′
X
u
X
uv
T−1X′
T−1j ′
Y
i
v
Z
k
j
X′
j ′
TY
Ti
Z′
i′
f
Y ′
k′
g
X′
j ′(Ti)
TZ′
TX TX
.
For simplicity a triangulated category (C,T,Ω)will be denoted as C . The following
basic facts of triangulated categories (cf. [5]) will be used in sequel.
Proposition 1.1. For a triangulated category C , we have that
(1) If X u−→ Y v−→ Z w−→ TX is a triangle, then uv = vw = 0.
(2) If (f, g,h) is a morphism between triangles such that f and g is an isomorphism, then
h is also an isomorphism.
(3) For any M ∈ C , the functors H = Hom(M,−) and G =Hom(−,M) give rise to long
exact sequences for any triangle X u−→ Y v−→ Z w−→ TX:
· · · H(TiX) H(T
i u)
H(TiY )
H(Tiv)
H(TiZ)
H(Tiw)
H(Ti+1X) · · ·
and
· · · G(TiX) G(TiY )G(T
i u)
G(TiZ)
G(Tiv)
G(Ti+1X)
G(Tiw) · · · .
(4) If X u−→ Y v−→ Z w−→ TX and X′ u′−→ Y ′ v′−→ Z′ w′−→ TX′ are triangles and g :Y → Y ′
is a morphism such that ugv′ = 0, then there exist some morphism (f, g,h) from the
first triangle to the second, and if Hom(X,T−1Z′) = 0, then f and h are uniquely
determined by g.
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for any A-modules X,Y we have HomDb(A)(TiX,Y )= 0 and HomDb(A)(X,TiY )
ExtiA(X,Y ) for i > 0.
We have the following
Proposition 1.2. Let C be a finite triangulated category with translation functor T, i.e.,
HomC(X,Y ) is a finite set for any X,Y ∈ C . Given triangles L u−→M v−→ N w−→ TL and
L′ u′−→M ′ v′−→N ′ w′−→ TL′ such that
HomC(M,L′)=HomC(N,L′)=HomC(TM,M ′)= 0
and there is a morphism (f, g,h) from the first triangle to the second, then, for the fixed
f,g, the number of possible h’s is |HomC(TL,M ′)|.
Proof. It suffices to count the number of morphisms h0 :N → N ′ such that vh0 = 0 and
h0w′ = 0. Let H be the set of such h0’s. Define a map
ρ : HomC(TL,M ′)→H :d →wdv′.
Note that for any d : TL→M ′, we indeed have that wdv′ belongs to H since vwdv′ =
wdv′w′ = 0 by (1) of Proposition 1.1. Assume that wdv′ = 0. Then, by (4) of
Proposition 1.1 we have thatwd = 0 since HomC(N,L′)= 0. By (3) of Proposition 1.1 and
HomC(TM,M ′) = 0 there is an exact sequence 0 → HomC(TL,M ′)→ HomC(N,M ′)
which means that d = 0. So, ρ is injective. For any h0 ∈ H, by (3) of Proposition 1.1 and
HomC(N,L′)= 0, we have an exact sequence
0→ HomC(N,M ′)→HomC(N,N ′)→ HomC(N,TL′).
So, there is a unique δ :N →M ′ such that h0 = δv′ since h0w = 0. Thus, vδv′ = vh0 = 0.
By a similar argument as above we have that vδ = 0 since HomC(M,L′)= 0, and we have
an exact sequence
0 →HomC(TL,M ′)→HomC(N,M ′)→ HomC(M,M ′),
since HomC(TM,M ′)= 0. It follows that there is a unique d : TL→M ′ such that δ =wd
and hence h0 =wdv′, which means that ρ is surjective. This completes the proof. ✷
Now we prove the following
Lemma 1.1. Let C be a triangulated category with translation functor T. If there is
a triangle X (f,f
′)−−−→ A ⊕ B (g,g)t−−−→ Y h−→ TX, then there exists a unique object C up to
isomorphism in C such that there is a morphism between triangles
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u
X
f ′
f
A
−g
v
TC
C
u′
B
g′
Y
v′
TC
(∗)
for some morphisms u,u′, v, v′ with h= v′(Tu). On the other hand, if there is a morphism
between triangles as above, then there is a triangle of the form
X
(f,f ′)
A⊕B (g¯,g
′)t
Y
v′(Tu)
TX
for some morphism g¯.
Proof. By (TR1) and (2) of Proposition 1.1, there is a unique object C up to isomorphism
in C such that there is a triangle C u−→ X f−→ A v−→ TC for some morphisms u,v. Hence,
C
−u−−→ X −f−−→ A v−→ TC is also a triangle by (TR1). Since we have a splitting triangle
A⊕B (−1,0)t−−−−→A 0−→ TB (0,1)−−−→ TA⊕TB , by (TR4) there exist morphisms v′ and u′ such
that the following diagram commutes and the third row is a triangle:
C
u′
u
X
(f,f ′)
X
−f
B
(0,1)
A⊕B
(g,g′)t
(−1,0)t
A
v
0
TB
(0,1)
TA⊕TB
(Tg,Tg′)t
Y
h
v′
TC
Tu
Tu′
TB
Tg′
TY
TX TX
.
So, by (TR2) we have a triangle C −u′−−→ B −g′−−→ Y v′−→ TC, and by (TR1), we have
a triangle C u
′−→B g′−→ Y v′−→ TC. Since gv′ = v, uf ′ = u′, h= v′(Tu), and f (−g)= f ′g′
(by (1) of Proposition 1.1), we obtain the required morphism (∗) between triangles.
Now assume that there is a morphism as in (∗). Then, by (TR1) we have a triangle
X
(f,f ′)−−−→ A ⊕ B (g1,g
′
1)
t
−−−−→ Y h¯−→ TX for some objects Y and morphisms g1, g′1. By the
proof of former part we have a morphism between triangles:
C
u
X
f ′
f
A
−g1
v
TC
C
u′1
B
g′1
Y
v′1
TC
,
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(1C,1B, y) from the triangle C
u′1−→ B g
′
1−→ Y v
′
1−→ TC to the triangle C u′−→ B g′−→
Y v
′−→ TC for some morphism y :Y → Y . Thus, g′ = g′1y . By (2) of Proposition 1.1,
y is an isomorphism. Set g¯ = g1y . Hence there is an isomorphism (1X,1A⊕B, y) from
X
(f,f ′)−−−→ A ⊕ B (g1,g
′
1)
t
−−−−→ Y h¯−→ TX to the sextuple X (f,f ′)−−−→ A ⊕ B (g¯,g′)t−−−−→ Y h′−→ TX,
where h′ = y−1h¯= y−1v′1(Tu)= y−1yv′(Tu)= v′(Tu). By (TR1), the latter is a triangle
as required. This completes the proof. ✷
For a finite dimensional hereditary algebra Λ over a finite field k, let Db(Λ) be the
derived category of bounded complex category of modΛ and denote the translation functor
of Db(Λ) by T. Fix a full embedding of modΛ into Db(Λ). For X,Y,Z ∈Db(Λ), set
W(X,Y ;Z)= {(f, g,h): X f−→ Z g−→ Y h−→ TX is a triangle}.
Consider the action of AutX×AutY on W(X,Y ;Z) given by
(α,β)(f, g,h)= (α−1f,gβ,β−1h(Tα)) (1.1)
for (α,β) ∈ AutX × AutY and (f, g,h) ∈ W(X,Y ;Z). Denote the orbit space by
V (X,Y ;Z). Note that the cardinality |V (X,Y ;Z)| of V (X,Y ;Z) is just the analogue
of Hall numbers (see Section 2 below) in the sense of Ringel (cf. [6,8]). In fact, since Λ is
hereditary, for any objects X,Y,Z in modΛ, we have that
∣∣W(X,Y ;Z)∣∣= ∣∣V (X,Y ;Z)∣∣|AutX||AutY |
and |V (X,Y ;Z)| equals to the Hall number FZYX. The rest of this section is devoted to
deducing a formula on such numbers (see Theorem 1.1 below). We also need the following
technical lemmas.
Lemma 1.2. For objects A,B,X,Y ∈ modΛ, if there are triangles in Db(Λ) of the form
C→X→A→ TC and B→ Y → C→ TC, then C belongs to modΛ.
Proof. Since Λ is hereditary, by a similar argument as in the proof of Corollary 5.3 of
Chapter I in [5], we may assume that C =⊕i∈Z TiCi for some Ci ∈ modΛ. Then the
result follows by Lemma 2 of Section 2 in [6]. ✷
ForX,Y,A,B,C ∈Db(Λ), consider the action of Aut TY on W(X,TY ;A⊕TB) given
by
y
(
(f,f ′), (g, g′)t, h
)= ((f,f ′), (g1, g′1)t, h1) (1.2)
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the following commutative diagram with rows being triangles:
X
(f,f ′)
A⊕TB (g,g
′)t
TY
Ty
h
TX
X
(f,f ′)
A⊕TB
(g1,g
′
1)
t
TY
h1
TX
.
Denote the corresponding orbit space by W(X,TY ;A⊕ TB)∨. Also consider the action
of AutC ×Aut TY on W(C,A;X)×W(C,TY ;TB) given by
(c, y)
(
(u,f, v), (u′, g′, v′)
)= ((u1, f, v1), (u′1, g′1, v′1)) (1.3)
for any (c, y) ∈AutC× AutY and ((u,f, v), (u′, g′, v′)) ∈W(C,A;X)×W(C,TY ; TB),
where morphisms u1, v1, u′1, g′1, v′1 fit into the following two commutative diagrams with
rows being triangles:
C
c
u
X
f
A
v
TC
Tc
C
u1
X
f
A
v1
TC
,
C
c
u′
TB
g′
TY
Ty
v′
TC
Tc
C
u′1
TB
g′1
TY
v′1
TC
.
Denote the corresponding orbit space by (W(C,A;X)×W(C,TY ;TB))∨.
Keep notation as above. We have the following
Lemma 1.3. For X,Y ∈Db(Λ) and A,B ∈modΛ, there is a surjective map
Φ :W(X,TY ;A⊕TB)∨ →
⋃(
W(C,A;X)×W(C,TY ;TB))∨,
where the union is taken over the isoclasses of C such that there are triangles of the form
C→X→A→ TC and B→ Y → C→ TB , and Φ is given by
(
(f,f ′), (g, g′)t, h
)∨ → ((u,f, v), (u′, g′, v′))∨
such that there is a morphism between triangles as follows:
C
u
X
f ′
f
A
−g
v
TC
C
u′
TB
g′
TY
v′
TC
. (∗∗)
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(
(u,f, v), (u′, g′, v′)
)∨ ∈ (W(C,A;X)×W(C,TY ;TB))∨,
we have that
∣∣Φ−1(((u,f, v), (u′, g′, v′))∨)∣∣= ∣∣HomDb(Λ)(A,TB)∣∣∣∣HomDb(Λ)(TC,TB)∣∣−1.
Proof. By Lemma 1.1, for ((f,f ′), (g, g′)t, h)∨ ∈W(X,TY ;A⊕TB)∨, such a morphism
(∗∗) between triangles exists. We claim that Φ is well-defined. Assume that there is
a y1 ∈AutY such that, under the action of y1 given by (1.2),
((
f1, f
′
1
)
,
(
g1, g
′
1
)t
, h1
)= y1((f,f ′), (g, g′)t, h).
Since f = f1 and y1 is an isomorphism, by (TR3) and (2) of Proposition 1.1, there exist
some c1, c2 ∈ AutC such that the following two diagrams commute:
C
c1
u
X
f
A
v
TC
Tc1
C
u1
X
f1
A
v1
TC
,
C
c2
u′
TB
g′
TY
Ty
v′
TC
Tc2
C
u′1
TB
g′1
TY
v′1
TC
.
Here the morphisms u,v,u′, v′ and u1, v1, u′1, v′1 are given by Lemma 1.1. In view of (1.3),
it remains to show that there exist c ∈AutC and y ∈ AutY such that
(
(u1, f, v1),
(
u′1, g′, v′1
))= ((c−1u,f, v(Tc)), (c−1u′, g′(Ty), (Ty)−1v′(Tc))).
Set c = c1. Then u′1 = u1f ′1 = u1f ′ = c−11 uf ′ = c−11 u′ = c−1u′. On the other hand, by
(1.3) again, we have that u′1 = c−1c2u′1. Thus, by (TR3) and (2) of Proposition 1.1 there
exist some y2 ∈AutY such that the following diagram commutes:
C
u′1
c−12 c
TB
g′1
TY
Ty2
v′1
TC
Tc−12 Tc
C
u′1
TB
g′1
TY
v′1
TC
.
So we have that g′(Ty1Ty2)= g′1(Ty2)= g′1 and
(Ty1Ty2)v′1 = (Ty1)v′1(Tc2)−1Tc = v′Tc2Tc−12 Tc = v′Tc.
So y = y1y2 is as required. Thus we have proven that
Φ
((
(f,f ′), (g, g′)t, h
)∨)=Φ(((f1, f ′1), (g1, g′1)t, h1)∨),
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(
(u,f, v), (u′, g′, v′)
)∨ ∈ (W(C,A;X)×W(C,TY ;TB))∨,
by (5) of Proposition 1.1 we have
HomDb(Λ)
(
T−1A,TB
) Ext2Λ(A,B)= 0
since Λ is hereditary, and by (4) of Proposition 1.1, there exist f ′ and g such that the
following diagram commutes:
T−1A C
u
X
f ′
f
A
−g
v
TC
C
u′
TB
g′
TY
v′
TC
.
By Lemma 1.1, we have a triangle
X
(f,f ′)t
A⊕TB (g¯,g
′)
TY
h TX,
where h= v′(Tu). Set
Φ
((
(f,f ′)t, (g, g′), h
)∨)= ((u1, f, v1), (u′1, g′, v′1))∨.
Thus there is a morphism between triangles as follows:
C
u1
X
f
f ′
A
−g′
v1
TC
C
u′1
TB
g′
TY
v′1
TC
.
Comparing with (∗∗), by (TR3) and (2) of Proposition 1.1, there are c1, c2 ∈ AutC such
that the following diagrams commutes:
C
c1
u
X
f
A
v
TC
Tc1
C
u1
X
f
A
v1
TC
,
C
c2
u′
TB
g′
TY
v′
TC
Tc2
C
u′1
TB
g′
TY
v′1
TC
.
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exist some y ∈AutY such that the following diagram commutes:
C
c−12 c1
u′1
TB
g′
TY
Ty
v′1
TC
Tc−12 Tc1
C
u′1
TB
g′
TY
v′1
TC
.
Since (Ty)v′1 = v′1Tc′2Tc1 = v′Tc1, by (1.3), we have that
(c1, y)
(
(u,f, v), (u′, g′, v′)
)= ((u1, f, v1), (u′1, g′, v′1)),
which means that ((u,f, v), (u′, g′, v′))∨ = ((u1, f, v1), (u′1, g′, v′1))∨ and hence we have
proven that Φ is surjective.
For any
(
(u,f, v), (u′, g′, v′)
)∨ ∈ (W(C,A;X)×W(C,TY ;TB))∨,
by definition of Φ the fiber Φ−1(((u,f, v), (u′, g′, v′))∨) is
{(
(f,f ′), (g, g′)t, v′(Tu)
)∨ ∣∣X (f,f ′)−−−→A⊕TB (g,g′)t−−−−→ TY v′(Tu)−−−−→ TX is a triangle}.
Let S be the set of morphisms f ′ :X→ TB such that f ′u= u′. By (TR3), for any f ′ ∈ S
there exist some morphisms (1C,f ′,−g) from C u−→ X f−→ A v−→ TC to C u′−→ TB g
′−→
TY v
′−→ TC and hence some ((f,f ′), (g, g′)t, v′(Tu))∨, which belong to the fiber. Note
that, by the definition of the action of Aut TY given by (1.2), for the fixed f,g′, different
f ′ determines different elements in Φ−1(((u,f, v), (u′, g′, v′))∨). Thus we have that
Φ−1
((
(u,f, v), (u′, g′, v′)
)∨)= |S|.
By (4) of Proposition 1.1 and applying HomDb(Λ) (−,TB) to the triangle C u−→ X f−→
A v−→ TC we have the following exact sequence:
0 → HomDb(Λ)(TC,TB)→HomDb(Λ)(A,TB)
→ HomDb(Λ)(X,TB) Hom(u,TB)−−−−−−−→HomDb(Λ)(C,TB)→ 0
since HomDb(Λ)(X,B)= 0. So we have that
|S| = ∣∣Ker HomDb(Λ)(u,TB)∣∣= ∣∣HomDb(Λ)(A,TB)∣∣∣∣HomDb(Λ)(TC,TB)∣∣−1,
which completes the proof. ✷
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is no nonzero Λ-morphism from T to F . Then, for X,A ∈ T and Y,B ∈F , we have that
∣∣V (X,TY ;A⊕TB)∣∣|AutX||AutY |
=
∑∣∣V (C,A;X)∣∣∣∣V (B,C;Y )∣∣|AutC||AutB||AutA|∣∣HomDb(Λ)(A,TB)∣∣, (1.4)
where the sum is taken over the isoclasses of C such that there are triangles of the form
C→X→A→ TC and B→ Y → C→ TB . Moreover, such C’s belong to modΛ.
Proof. By Lemma 1.2 such objects C belong to modΛ. Thus, by (4) of Proposition 1.1,
for any fixed y ∈AutY , the action of AutC×{Ty} on W(C,A;X)×W(C,TY ;TB) given
by (1.3) is free, since HomDb(Λ)(TB,C)= 0 by (5) of Proposition 1.1. On the other hand,
for fixed morphisms u′, g′, v′, by Proposition 1.2 the number of possible isomorphisms
y ∈AutY to make the following diagram commutes
C
u′
TB
g′
TY
Ty
v′
TC
C
u′
TB
g′
TY
v′
TC
is |HomDb(Λ)(TC,TB)|. So, by the action of AutC ×Aut TY , we have that
∣∣(W(C,A;X)×W(C,TY ;TB))∨∣∣
= ∣∣W(C,A;X)∣∣∣∣W(C,TY ;TB)∣∣∣∣HomDb(Λ)(TC,TB)∣∣|AutC|−1|Aut TY |−1.
Since HomDb(Λ)(X,B)= 0, by Lemma 1.3, we have that
∣∣W(X,TY ;A⊕TB)∨∣∣
= ∣∣HomDb(Λ)(A,TB)∣∣
∑∣∣W(C,A;X)∣∣∣∣W(C,TY ;TB)∣∣|AutC|−1|Aut TY |−1,
where the sum is taken over isoclasses of C as in Lemma 1.3. Since HomDb(Λ)(TX,TY )
HomDb(Λ)(X,Y ) = 0, by (4) of Proposition 1.1, if there is a morphism (1X,1A⊕TB,Ty)
from the triangle
X
(f,f ′)−−−→A⊕TB (g,g′)t−−−−→ TY h−→ TX
to itself, then y must be the identity morphism, which means the action of Aut TY on
W(X,TY ;A⊕TB) (1.2) is free. So we have that
∣∣W(X,TY ;A⊕TB)∨∣∣= ∣∣W(X,TY ;A⊕TB)∣∣|AutTY |−1.
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(1.1) is free. So we have that
∣∣W(X,TY ;A⊕TB)∣∣= |AutX||Aut TY |∣∣V (X,TY ;A⊕TB)∣∣.
Since A,B,C,X,Y belong to modΛ, we also have that
∣∣W(C,A;X)∣∣= |AutA||AutC|∣∣V (C,A;X)∣∣,
and
∣∣W(C,TY ;TB)∣∣= ∣∣W(B,C;Y )∣∣= |AutB||AutC|∣∣V (B,C;Y )∣∣.
By these equalities, we obtain (1.4). This completes the proof. ✷
2. The Drinfel’d doubleD(Λ)
Following Ringel [8], for finitely generated right Λ-modules N1, . . . ,Nt and M , we
consider the number FMN1,...,Nt of the following filtrations of M:
M =U0 ⊇U1 ⊇ · · · ⊇Ut = 0,
where Ui−1/Ui ∼=Ni (1 i  t). In particular, we call FMN1N2 the Hall numbers associated
to Λ-modules N1, N2, and M .
Notation.
B(Λ): the set of isoclasses of Λ-modules.
uα : the corresponding basis element of H(Λ) for any α ∈ B(Λ).
Vα : a Λ-module in the class α ∈ B(Λ).
Fλαβ = FLMN with M,N,L in α,β,λ ∈ B(Λ), respectively.
α + β : the element in B(Λ) with respect to Vα ⊕ Vβ for α,β ∈ B(Λ).
aα = |AutΛ(Vα)| for α ∈ B(Λ).
Kα = KdimVα for α ∈ B(Λ), the element of the free Abelian group Z[I], where I is the
index set of isoclasses of simple Λ-modules.
We have the twisted Ringel–Hall algebra H∗(Λ) over Q(v) with multiplication given
by (cf. [9])
uαuβ = v〈α,β〉
∑
γ
Fγαβuγ for α,β ∈ B(Λ),
where v =√|k| and 〈α,β〉 is Euler form of Λ given by
〈α,β〉 = dimk HomΛ(Vα,Vβ)− dimk Ext1Λ(Vα,Vβ). (2.1)
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By Green–Ringel theory [9], H±∗ (Λ) are Hopf algebras (Theorem 4.5 in [11]). We have
a bilinear form ϕ :H+∗ (Λ)×H−∗ (Λ)→ Q(v) given by
ϕ
(
Kαu
+
β ,Kα′u
−
β ′
)= v−(α,α′)−(β,α′)+(α,β ′)a−1β δββ ′ .
This definition is slightly different from that in Section 5.2 of [11]; here we omit the factor
|uβ | to simplify computations in our setting. By the proof of Proposition 5.2 in [11], the
above ϕ is a skew-Hopf pair. So we get the Drinfel’d double with respect to ϕ. The ideal of
D0(Λ) generated by Kα ⊗K−α − 1 for any α in Z[I] is a Hopf ideal. The corresponding
quotient is the reduced Drinfel’d double of Λ and denote it by D(Λ). We refer the explicit
Hopf structure of D(Λ) to [11].
For brevity, we shall write x±y± for elements of the form x± ⊗ y± in D(Λ). We have
the following
Lemma 2.1. For λ,λ′ ∈ B(Λ) with HomΛ(Vλ,Vλ′)= 0, in D(Λ) we have
u−
λ′u
+
λ − u+λ u−λ′ =
∑
β,β ′,γ∈B(Λ)
γ =0
v〈β,γ 〉−〈β ′,γ 〉Fλβγ Fλ
′
γβ ′aβaγ aβ ′a
−1
λ a
−1
λ′ u
+
β u
−
β ′Kγ .
Proof. Completely similar to Proposition 5.5 in [11], we have
u−
λ′u
+
λ − u+λ u−λ′ =
∑
β,β ′,γ∈B(Λ)
γ =0
v〈β,γ 〉−〈β ′,γ 〉FλβγFλ
′
γβ ′aβaγ aβ ′a
−1
λ a
−1
λ′ u
+
β u
−
β ′Kγ
+
∑
β,γ,β ′,α,γ ′∈B(Λ)
α,γ ′ =0
v〈β,γ 〉−〈β,α〉+〈β ′,α〉−〈β ′,γ 〉
× FλαβγFλ
′
γβ ′γ ′aβaγ aβ ′a
−1
λ a
−1
λ′
×
∑
m1
(−1)m
∑
λ1,...,λm∈B(Λ)−{0}
aλ1 . . . aλm
× Fγ ′λ1...λmFαλm...λ1u+β u−β ′KγK−γ ′ .
Now assume that FλαβγF
λ′
γβ ′γ ′ = 0 for some nonzero α and γ ′. So there are short exact
sequences of the form 0 → Vδ → Vλ f1−→ Vα → 0 and 0 → Vγ ′ f4−→ Vλ′ → Vδ′ → 0. For
any m 1, assume that Fγ
′
λ1...λm
Fαλm...λ1 = 0 for some nonzero λi . Then there is a nonzero
module Vλm which is a submodule of Vγ ′ and a factor module of Vα at the same time.
Thus, we have a chain of morphisms: Vλ
f1−→ Vα f2−→ Vλm f3−→ Vγ ′ f4−→ Vλ′ , where f2 is an
epimorphism and f3 is a monomorphism, respectively. Since HomΛ(Vλ,Vλ′)= 0, we have
that f1f2 = 0, and hence Vλm = 0, a contradiction. This completes the proof. ✷
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Similar to that in [10,12], D(Λ) is generated by Kγ , u±α with γ in Z[I], and α in B(Λ),
respectively, subject to (2.2)–(2.4)
K0 = u±0 = 1, KγKδ =Kγ+δ, (2.2)
u±α u±β = v〈α,β〉
∑
Fλαβu
±
λ , Kαu
±
β = v±(α,β)u±β Kα, (2.3)∑
α,β,α′
v〈α,α′〉−〈β,α′〉aαaβaα′Fλα′βF
λ′
αα′u
−
α u
+
β K−α′
=
∑
α,β,β ′
v〈α,β ′ 〉−〈β,β ′〉aαaβaβ ′Fλαβ ′F
λ′
β ′βu
+
α u
−
β Kβ ′ (2.4)
for λ,λ′ in B(Λ), where (,) is the symmetrization of Euler form given by (2.1). It is easy
to see that there is an automorphism ω of D(Λ) given by
ω :u±α → v−〈α,α〉u∓α K±α, Kγ →K−γ (2.5)
for any α ∈ B(Λ) and γ ∈ Z[I].
3. The embedding
Let T be a tilting module of Λ and Γ = EndΛ T be the corresponding tilted algebra [1].
Functors HomΛ(T ,−) and − ⊗Γ T induce mutually inverse equivalences between the
following full subcategories of modΛ and modΓ :
T (T )= {M ∣∣ Ext1Λ(T ,M)= 0} and Y(T )= {N ∣∣ TorΓ1 (N,T )= 0}
while functors Ext1Λ(T ,−) and TorΓ1 (−, T ) induce mutually inverse equivalences between
the following full subcategories of modΛ and modΓ :
F(T )= {M ∣∣HomΛ(T ,M)= 0} and X (T )= {N |N ⊗Γ T = 0}.
Notation.
B(Λ,T ): the set of isoclasses of Λ-modules in T (T ).
B(Λ,F): the set of isoclasses of Λ-modules in F(T ).
B(Γ,X ): the set of isoclasses of Γ -modules in X (T ).
B(Γ,Y): the set of isoclasses of Γ -modules in Y(T ).
T (α) ∈ B(Γ,Y): the isoclass of HomΛ(T ,Vα) for α ∈ B(Λ,T ).
T (α) ∈ B(Γ,X ): the isoclass of Ext1Λ(T ,Vα) for α ∈ B(Λ,T ).
T −(α) ∈ B(Λ,F): the isoclass of TorΓ1 (Vα,T ) for α ∈ B(Γ,X ).
T −(α) ∈ B(Λ,T ): the isoclass of Vα ⊗Γ T for α ∈ B(Γ,Y).
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Theorem 2.5 in [1], there is an isomorphism f :K0(Λ)→K0(Γ ) given by
f(dimM)= dim HomΛ(T ,M)− dim Ext1Λ(T ,M) for M ∈modΛ. (3.1)
Consider Euler forms 〈,〉Λ and 〈,〉Γ on K0(Λ) and K0(Γ ), respectively. For M,N in
modΛ,
〈dimM,dimN〉Λ = dimk HomΛ(M,N)− dimk Ext1Λ(M,N),
and for M,N in modΓ ,
〈dimM,dimN〉Γ = dimk HomΓ (M,N)− dimk Ext1Γ (M,N)+ dimk Ext2Γ (M,N).
By Theorem 2.2 and Proposition 2.7 in [1], we have that
〈dimM,dimN〉Λ =
〈
f(dimM), f(dimN)
〉
Γ
for all M,N ∈ modΛ.
Since 〈,〉Λ depends only on dimension vectors, so does 〈,〉Γ . Moreover,
〈dimM,dimN〉Λ = 〈dimM ′,dimN ′〉Γ for M,N ∈ T (T ),
〈dimM,dimN〉Λ = 〈dimM ′,dimN ′〉Γ for M,N ∈F(T ),
〈dimM,dimN〉Λ = −〈dimM ′,dimN ′〉Γ for M ∈ T (T ), N ∈F(T ),
〈dimM,dimN〉Λ = −〈dimM ′,dimN ′〉Γ for M ∈F(T ), N ∈ T (T ),
where
M ′ = HomΛ(T ,M) if M ∈ T (T ),
= Ext1Λ(T ,M) if M ∈F(T ),
and N ′ is given by the same way.
Let H∗(Γ ) be the free Abelian group over Q(v) with B(Γ ) being its basis. Again we
denote 〈dimVα,dimVβ〉Γ by 〈α,β〉Γ for α,β in B(Γ ). Define a multiplication on H∗(Γ )
as following
uαuβ = v〈α,β〉Γ
∑
γ
Fγαβuγ (3.2)
for any α,β ∈ B(Γ ), where Fγαβ is Hall number. By the definition of Hall numbers, it is
easy to see that H∗(Γ ) becomes an associative algebra over Q(v) with the multiplication
given by (3.2).
From now on we omit subscripts of Euler forms 〈,〉Λ and 〈,〉Γ , which should not cause
ambiguity by the context. At first we have the following
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FT (α)+T (β
′)
T (λ′)T (λ) aT (λ)aT (λ′) = v−2〈α,β
′〉 ∑
β∈B(Λ)
FλαβF
λ′
ββ ′aαaβaβ ′ . (3.3)
Proof. Note that the subcategories T (T ) and F(T ) in modΛ induced by a tilting module
T of Λ satisfy the condition of Theorem 1.1. We interpret (1.4) in terms of Hall numbers
in modΛ and modΓ , respectively. There is a natural equivalence between the derived
categories Db(Λ) and Db(Γ ) via tilting functors [5]. Thus, there is an embedding of
modΓ into Db(Λ) such that T (T )  Y(T ) and TF(T )  X (T ) as full subcategories
of Db(Λ). All these equivalences are given by tilting functors. It is known that the Hall
numbers FBCA equals to the cardinality of V (A,C;B) when A,B,C lie in a module
category of Λ or Γ [6], and the result follows. ✷
Dually, we have the following
Lemma 3.2. Assume that the tilted algebra Γ is hereditary. Keep notation as above. For
λ,α ∈ B(Γ,Y) and λ′, β ′ ∈ B(Γ,X ), we have that
FT
−(α)+T−(β ′)
T −(λ′)T−(λ) aT−(λ)aT −(λ′) = v−2〈α,β
′〉 ∑
β∈B(Γ )
FλαβF
λ′
ββ ′aαaβaβ ′ . (3.4)
In next section we shall use the following
Lemma 3.3. Assume that the tilted algebra Γ is hereditary. Keep notation as before. For
λ′, α′, y in B(Λ,T ) and x in B(Λ,F), we have that
FT (λ
′)
T (y)+T (x)T (α′)aT (α′)aT (y)+T (x) = v−2〈y,x〉
∑
γ∈B(Λ,T )
Fα
′
γ xFλ
′
yγ aγ axay. (3.5)
Similarly, for any λ,α′, x in B(Λ,F) and y in B(Λ,T ), we have that
FT (λ)
T (α′)T (y)+T (x)aT (α′)aT (y)+T (x) = v−2〈y,x〉
∑
γ∈B(Λ,F)
Fλγ xF
α′
yγ aγ axay. (3.6)
Proof. We show (3.5) since the proof of (3.6) is completely similar. For brevity, set
f ∗ = HomΛ(T ,f ) for morphism f :M → N in modΛ. For λ′, α′, y ∈ B(Λ,T ) and
x ∈ B(Λ,F), fix Λ-modules Vλ′,Vα′,Vy , and Vx . Set
E1 =
{
(s, t1, t2)
∣∣ 0 → VT (α′) s−→ VT (λ′) (t1,t2)−−−→ VT (y)⊕ VT (x)→ 0 is exact} and
E2 =
{
(h,f, g)
∣∣ 0 → Vx h−→ Vα′ f−→ Vλ′ g−→ Vy → 0 is exact}.
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side is v−2〈y,x〉|E2|. There is an action of AutVx on E2 given by
α
(
(h,f, g)
)= (α−1h,f,g) for α ∈AutVx and (h,f, g) ∈ E2.
Denote the orbit space by E∨2 . Since this action is free, we have |E2| = ax |E∨2 |.
Now for any (s, t1, t2) ∈ E1, applying−⊗Γ T to the short exact sequence 0 → VT (α′) s−→
VT (λ′)
(t1,t2)−−−→ VT (y)⊕ VT (x)→ 0 we obtain an exact sequence
0 → Vx h−→ Vα′ s⊗Γ T−−−−→ Vλ′ t1⊗Γ T−−−−→ Vy → 0
for some morphism h, where s ⊗Γ T and t1 ⊗Γ T are uniquely determined by s and t1,
respectively, since − ⊗Γ T is an equivalence between Y(T ) and T (T ). So we obtain
a unique element (h, s ⊗Γ T , t1 ⊗Γ T )∨ ∈ E∨2 and we define a map π : E1 → E∨2 by
(s, t1, t2) → (h, s ⊗Γ T , t1 ⊗Γ T )∨. We claim that π is surjective. In fact, for any exact
sequence
0 → Vx h−→ Vα′ f−→ Vλ′ g−→ Vy → 0,
set Vγ = Imf ∈ T (T ). Then there are two short exact sequences
0 → Vx h−→ Vα′ f−→ Vγ → 0 and 0 → Vγ i−→ Vλ′ g−→ Vy → 0,
where i is the canonical embedding. Applying HomΛ (T ,−) to these exact sequences we
obtain two short exact sequences
0 → VT (α′) f
∗−→ VT (γ ) δ−→ VT (x)→ 0 and 0 → VT (γ ) i∗−→ VT (λ′) g
∗−→ VT (y)→ 0
for some morphisms δ. By push-out of δ :VT (γ ) → VT (x), we get the following
commutative diagram:
0 0
VT (α′)
f ∗
VT (α′)
f ∗
0 VT (γ )
δ
i∗
VT (λ′)
g∗
t
VT (y) 0
0 VT (x)
k
M
l
VT (y) 0
0 0
,
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splits, the last row splits and hence there is an isomorphism δ1 :M → VT (y) ⊕ VT (x) such
that the following diagram commutes
0 VT (x)
k
M
δ1
l
VT (y) 0
0 VT (x)
(0,1)
VT (y)⊕ VT (x) (0,1)
t
VT (y) 0
.
Thus, we obtain a commutative diagram as follows:
0 0
VT (α′)
f ∗
VT (α′)
f ∗
0 VT (γ )
δ
i∗
VT (λ′)
g∗
(t1,t2)
VT (y) 0
0 VT (x)
(0,1)
VT (y)⊕ VT (x) (l,0)
t
VT (y) 0
0 0
.
So t1 = g∗. By the definition of π , we have that π((f ∗, t1, t2))= (h,f, g)∨, which means
that π is surjective.
Note that for any (h,f, g)∨ ∈ E∨2 , we have that
π−1
(
(h,f, g)∨
)
= {(f ∗, g∗, t2) ∣∣ 0 → VT (α′) f ∗−→ VT (λ′) (g∗,t2)−−−−→ VT (y)⊕ VT (x)→ 0 is exact}.
Since g∗ is an epimorphism, we have that
∣∣π−1((h,f, g)∨)∣∣=
∣∣∣∣
{(
1 h1
0 α
) ∣∣∣∣α ∈ AutVT (x) and h1 ∈HomΓ (VT (y),VT (x))
}∣∣∣∣
and hence |π−1((h,f, g)∨)| = ax |HomΓ (VT (y),VT (x))|. Since Γ is hereditary, we have
that dimk HomΓ (VT (y),VT (x))= 〈T (y), T (x)〉Γ =−〈y, x〉 and hence
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∣∣HomΓ (VT (y),VT (x))∣∣∣∣E∨2 ∣∣= ax∣∣HomΓ (VT (y),VT (x))∣∣a−1x |E2|
= ∣∣E∨2 ∣∣∣∣HomΓ (VT (y),VT (x))∣∣= |k|−〈y,x〉|E2| = v−2〈y,x〉|E2|.
This completes the proof. ✷
Since the torsion theory (X (T ),Y(T )) is splitting, for any basis element uγ with
γ ∈ B(Γ ), we always have γ = T (α)+ T (β ′) for some α ∈ B(Λ,T ) and β ′ ∈ B(Λ,F).
So, we can define a Q(v)-linear map Ψ :H∗(Γ )→D(Λ) by
Ψ :uγ → v〈α,β ′ 〉−〈β ′,β ′〉u+α K−β ′u−β ′ , (3.7)
where γ = T (α)+ T (β ′), α ∈ B(Λ,T ), and β ′ ∈ B(Λ,F). Our main result in this section
is the following
Theorem 3.1. The map Ψ given by (3.7) is a monomorphism of Q(v)-algebras.
At first, it is easy to see that we have the following
Lemma 3.4. The map Ψ given by (3.7) is an algebra morphism if and only if the following
conditions are satisfied:
(1) Ψ (uγ1uγ2)= Ψ (uγ1)Ψ (uγ2) for γ1, γ2 ∈ B(Γ,Y);
(2) Ψ (uγ1uγ2)= Ψ (uγ1)Ψ (uγ2) for γ1, γ2 ∈ B(Γ,X );
(3) Ψ (uγ1uγ2)= Ψ (uγ1)Ψ (uγ2) for γ1 ∈ B(Γ,Y) and γ2 ∈ B(Γ,X );
(4) Ψ (uλ′0uλ0)= Ψ (uλ′0)Ψ (uλ0) for λ0 ∈ B(Γ,Y) and λ′0 ∈ B(Γ,X ).
Proof of Theorem 3.1. By Lemma 3.4, we should check (1)–(4). At first, (1) is obvious.
Similarly, we can verify (2). Assume that T (γ1) ∈ B(Γ,Y) and T (γ2) ∈ B(Γ,X ). By (3.7),
we have that
Ψ (uT (γ1))Ψ (uT (γ2))= v−〈γ2,γ2〉u+γ1K−γ2u−γ2 .
On the other hand, by (3.7), we have that
Ψ (uT (γ1)uT (γ2))= v−〈γ1,γ2〉Ψ (uT (γ1)+T (γ2))= v−〈γ2,γ2〉u+γ1K−γ2u−γ2,
which verifies (3). Now we assume that λ′0 = T (λ′) ∈ B(Γ,X ) and λ0 = T (λ) ∈ B(Γ,Y).
Since λ′ ∈ B(Λ,F) and λ ∈ B(Λ,T ) respectively, we have HomΛ(Vλ,Vλ′)= 0. Recalling
Lemma 2.1 and (3.7) we have that
Ψ (uλ′0)Ψ (uλ0) = v−〈λ
′,λ′〉K−λ′u−λ′u
+
λ
=
∑
α,β,β ′∈B(Λ)
v−〈λ′,λ′〉+〈α,β〉+〈β,β ′〉−(λ′,α)aαaβaβ ′a−1λ a
−1
λ′
× FλαβFλ
′
′u+α K−β ′u−′ .ββ β
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Ψ (uλ′0uλ0) =
∑
α∈B(Λ,T )
β ′∈B(Λ,F)
v−〈λ′,λ〉FT (α)+T (β
′)
T (λ′)T (λ) Ψ (uT (α)+T (β ′))
=
∑
α∈B(Λ,T )
β ′∈B(Λ,F)
v−〈λ′,λ〉−〈β ′,β ′〉+〈α,β ′〉FT (α)+T (β
′)
T (λ′)T (λ) u
+
α K−β ′u−β ′ .
By (3.3), FT (α)+T (β ′)
T (λ′)T (λ) aT (λ)aT (λ′) = v−2〈α,β
′〉∑
β∈B(Λ) FλαβFλ
′
ββ ′aαaβaβ ′ . Moreover, we may
assume that
dimVλ = dimVα + dimVβ, dimVλ′ = dimVβ + dimVβ ′ .
Thus, dimVλ′ = dimVλ + dimVβ ′ − dimVα . So we have that
−〈λ′, λ′〉 + 〈α,β〉 + 〈β,β ′〉 − (λ′, α)=−〈λ′, λ〉 − 〈β ′, β ′〉 − 〈α,β ′〉.
It follows that Ψ (uλ′0uλ0) = Ψ (uλ′0)Ψ (uλ0), which means that (4) in Lemma 3.4 holds.
This completes the proof. ✷
4. The isomorphism
In this section we assume that T is a slice module of Λ and hence the tilted algebra Γ
is also hereditary [1]. Then we have Drinfel’d doubles D(Λ) and D(Γ ). Keep notation as
before. For brevity, we write the Euler characteristic 〈,〉Γ as 〈,〉 and its symmetrization as
(,). Similar to the presentation (2.2)–(2.4) of D(Λ), D(Γ ) is generated by Kγ0 , u±α0 with
γ0 in K0(Γ ), and α0 in B(Γ ), respectively, subject to (4.1)–(4.3)
K0 = u±0 = 1, Kγ0Kδ0 =Kγ0+δ0, (4.1)
u±α0u
±
β0
= v〈α0,β0〉
∑
Fλ0α0β0u
±
λ0
, Kα0u
±
β0
= v±(α0,β0)u±β0Kα0 , (4.2)∑
α0,β0,α
′
0
v〈α0,α′0〉−〈β0,α′0〉aα0aβ0aα′0F
λ0
α′0β0
Fλ
′
0
α0α′0
u−α0u
+
β0
K−α′0
=
∑
α0,β0,β ′0
v〈α0,β ′0〉−〈β0,β ′0〉aα0aβ0aβ ′0F
λ0
α0β ′0
Fλ
′
0
β ′0β0
u+α0u
−
β0
Kβ ′0 (4.3)
for λ0, λ′0 in B(Γ ).
Now we state the main result of this section as following
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u±γ0 → v〈α,β
′〉−〈β ′,β ′〉u±α K∓β ′u∓β ′ , Kλ0 →Kλ ∈K0(Λ), (4.4)
where γ0 = T (α)+T (β ′) for α ∈ B(Λ,T ), β ′ ∈ B(Λ,F), and, under the action of f given
by (3.1), f(λ)= λ0 ∈K0(Γ ).
Note that for any α in B(Λ), we have the following facts:
Kf(α) =KT (α) if α ∈ B(Λ,T ),
Kf(α) =K−T (α) if α ∈ B(Λ,F).
As in [10], we shall show that Ψ respects relations (4.1)–(4.3). The most complicated
computation in our proof will be the verification that Ψ respects (4.3). However, thanks to
Lemma 3.2 in [10], we can reduce it to some special cases. We prove the following
Lemma 4.1. Assume that λ and λ′ belong to either B(Λ,T ) or B(Λ,F). In each one of
the following cases
(a) λ0 = T (λ) ∈ B(Γ,Y) and λ′0 = T (λ′) ∈ B(Γ,X ),
(b) λ0 = T (λ) ∈ B(Γ,X ) and λ′0 = T (λ′) ∈ B(Γ,Y),
(c) λ0 = T (λ), λ′0 = T (λ′) ∈ B(Γ,Y),
(d) λ0 = T (λ), λ′0 = T (λ′) ∈ B(Γ,X ),
we have the following equality in D(Λ):
∑
α0,β0,α
′
0
v〈α0,α′0〉−〈β0,α′0〉aα0aβ0aα′0F
λ0
α′0β0
Fλ
′
0
α0α′0
Ψ
(
u−α0
)
Ψ
(
u+β0
)
Ψ
(
K−α′0
)
=
∑
α0,β0,β ′0
v〈α0,β ′0〉−〈β0,β ′0〉aα0aβ0aβ ′0F
λ0
α0β ′0
Fλ
′
0
β ′0β0
Ψ
(
u+α0
)
Ψ
(
u−β0
)
Ψ
(
Kβ ′0
)
. (4.5)
Proof. In the left-hand side of (4.5) we shall deal with short exact sequences of the form
0 → Vβ0 → Vλ0 → Vα′0 → 0 and 0 → Vα′0 → Vλ′0 → Vα0 → 0
while in the right-hand side of (4.5) we shall deal with short exact sequences of the form
0 → Vβ ′0 → Vλ0 → Vα0 → 0 and 0 → Vβ0 → Vλ′0 → Vβ ′0 → 0.
Case (a). It is easy to see that
r.h.s. of (4.5)= aλaλ′v〈λ′,λ′〉+〈λ,λ′〉
∑
tα∈B(Λ,F)
Fα+β
λλ′ u
+
α+βKλ′ .β∈B(Λ,T )
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α ∈ B(Λ,F), β ∈ B(Λ,T ). Moreover, Ψ (Kα′0)=Kλ′−α . So,
l.h.s. of (4.5)=
∑
α0,β0,α
′
0
vDaα0aβ0aα′0F
λ0
α′0β0
Fλ
′
0
α0α′0
u+α+βKλ′ ,
where
D = 〈α0, α′0〉− 〈β0, α′0〉+ 〈α,α〉 + (α,β)+ 〈α,β〉 = 〈λ′, λ′〉 + 〈λ,λ′〉 − 2〈α0, β0〉.
So, by (3.4), in this case (4.5) holds. In a similar way, we can show (4.5) for the case (b).
Case (c). In the left-hand side of (4.5) we may assume β0 = T (β) ∈ B(Γ,Y) and
α′0 = T (α′) ∈ B(Γ,Y) with β,α′ ∈ B(Λ,T ). Moreover, we set
α0 = T (y)+ T (x) with y ∈ B(Λ,T ) and x ∈ B(Λ,F).
Thus, we have that
l.h.s. of (4.5) =
∑
y,x,β,α′
v〈y−x,α′〉−〈β,α′〉+〈y,x〉+〈x,β〉+〈x,x〉+(x,β)
× aT (y)+T (x)aβaα′Fλα′βFT (λ
′)
T (y)+T (x)T (α′)u
−
y u
+
x+βKx−α′ .
Note that we have
∑
α′
∑
γ
Fλα′βF
α′
γ x =
∑
γ
∑
α′
Fλα′βF
α′
γ x =
∑
γ
Fλγ xβ =
∑
γ
Fλγ x+β
since the torsion theory (T (T ),F(T )) is splitting. Moreover, we have that
ax+y = axay
∣∣HomΛ(Vx,Vβ)∣∣= axayv2〈x,β〉.
By (3.5), we have that (note that Kx−α′ =Kγ )
l.h.s. of (4.5)=
∑
x,y,β,γ
vDaγ ayax+βFλγ x+βFλ
′
yγ u
−
y u
+
x+βK−γ ,
where
D = 〈y, γ + x〉 − 〈x, γ + x〉 − 〈β,γ + x〉 + 〈y, x〉 + 〈x,β〉 + 〈x, x〉 + (x,β)
− 2〈y, x〉 − 2〈x,β〉 = 〈y, γ 〉 − 〈x + β,γ 〉.
Thus, we have that
l.h.s. of (4.5)=
∑
v〈y,γ 〉−〈γ1,γ 〉aγ ayaγ1Fλγ γ1F
λ′
yγ u
−
y u
+
γ1K−γ . (4.6)γ1,y,γ
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B(Γ,Y) with β,β ′ ∈ B(Λ,T ). Moreover, we set
α0 = T (y)+ T (x) with y ∈ B(Λ,T ) and x ∈ B(Λ,F).
Thus, we have that
r.h.s. of (4.5) =
∑
y,x,β,β ′
v〈y−x,β ′〉−〈β,β ′〉+〈y,x〉+〈x,β〉+〈x,x〉+(x,β)
× aT (y)+T (x)aβaβ ′Fλ′β ′βFT (λ)T (y)+T (x)T (β ′)u+y u−x+βK−x+β ′ .
Note that we have
∑
β ′
∑
γ ′
Fλ
′
β ′βF
β ′
γ ′x =
∑
γ ′
∑
β ′
Fλ
′
β ′βF
β ′
γ ′x =
∑
γ ′
Fλ
′
γ ′xβ =
∑
γ ′
Fλ
′
γ ′x+β
since the torsion theory (T (T ),F(T )) is splitting. Moreover, we have that
ax+y = axay
∣∣HomΛ(Vx,Vβ)∣∣= axayv2〈x,β〉.
By (3.4), we have that (note that K−x+β ′ =Kγ ′ )
r.h.s. of (4.5)=
∑
x,y,β,γ ′
vDaγ ′ayax+βFλ
′
γ ′x+βF
λ
yγ ′u
+
y u
−
x+βKγ ′ ,
where
D = 〈y, γ ′ + x〉 − 〈x, γ ′ + x〉 − 〈β,γ ′ + x〉 + 〈y, x〉 + 〈x,β〉 + 〈x, x〉 + (x,β)
− 2〈y, x〉 − 2〈x,β〉 = 〈y, γ ′〉 − 〈x + β,γ ′〉.
Thus, we have that
r.h.s. of (4.5)=
∑
γ1,y,γ ′
v〈y,γ ′〉−〈γ1,γ ′〉aγ ′ayaγ1Fλ
′
γ ′γ1F
λ
yγ ′u
+
y u
−
γ1Kγ ′ . (4.7)
By (2.4) and comparing (4.6) and (4.7), we see that in this case (4.5) holds. In a similar
way, by using (3.5) we can show (4.5) for the case (d). ✷
Proof of Theorem 4.1. By (4.4) and Theorem 3.1, it is easy to see that Ψ respects relations
(4.1)–(4.2). By Lemmas 4.1 and 3.2 in [10], Ψ respects the relation (4.3). So, Ψ defines
an algebra morphism from D(Γ ) to D(Λ). By an entirely similar argument, we can define
an algebra morphism Ψ ′ from D(Λ) to D(Γ ) such that Ψ ′Ψ = 1. This completes the
proof. ✷
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For general Auslander–Reiten theory we refer to [3]. We have the functor D =
HomΛ(−, k); the Nakayama functor ν = D HomΛ(−,Λ) with inverse ν− = Hom(D(−),
Λ); the Auslander–Reiten translation τ = D Ext1Λ(−,Λ) with quasi-inverse τ− =
Ext1Λ(D−,Λ). Set B(Λ,I)= {α ∈ B(Λ) | Vα is injective} and B(Λ,I)= {α ∈ B(Λ) | Vα
has no injective direct summands}. For α ∈ B(Λ,I) we denote by τ−α the isoclass of
τ−Vα , and for α ∈ B(Λ,I) we denote by ν−α the isoclass of ν−Vα . Then we have the
following
Lemma 5.1. (a) For λ,β ∈ B(Λ,I) and λ′, α ∈ B(Λ,I), we have that
Fα+β
λλ′ aλaλ′ = v−2〈α,β〉aαaβ
∑
β ′
Fν
−λ
β ′ν−βF
τ−λ′
τ−αβ ′aβ ′ .
(b) For λ,β ∈ B(Λ,I) and λ′, α ∈ B(Λ,I), we have that
Fν
−α+τ−β
τ−λν−λ′ aλaλ′ = v−2〈α,β〉aαaβ
∑
α′
Fλα′βF
λ′
αα′aα′.
(c) For λ,α′, β2 ∈ B(Λ,I) and β1 ∈ B(Λ,I), we have that
Fλα′β1+β2aα′aβ1+β2 = v2〈β1,β2〉aβ1aβ2
∑
γ
Fν
−λ
ν−γ ν−β2F
ν−α′
τ−β1ν−γ aγ .
(d) For λ′, α′, α1 ∈ B(Λ,I) and α2 ∈ B(Λ,I), we have that
Fλ
′
α1+α2α′aα′aα1+α2 = v2〈α1,α2〉aα1aα2
∑
γ
Fτ
−λ′
τ−α1τ−γ F
τ−α′
τ−γ ν−α2aγ .
Proof. (a) We have an equivalence between the subcategory
{
Vα | α ∈ B(Λ,I)
}∪ {TVβ | β ∈ B(Λ,I)}
of Db(Λ) and modΛ given by Vα → Vν−α and TVβ → Vτ−β for α ∈ B(Λ,I) and
β ∈ B(Λ,I). Thus, (a) follows by Theorem 1.1. (b) is the dual version of (a). (c) and
(d) can be shown directly. ✷
Now we consider the map τ− :D(Λ) → D(Λ) as follows. For α = α1 + α2 with
α1 ∈ B(Λ,I), α2 ∈ B(Λ,I), set
u±α → v−〈α,α2〉u±τ−α1K∓ν−α2u
∓
ν∓α2, Kγ →Kg(γ ) for γ ∈K0(Λ), (5.1)
where the map g :K0(Λ)→K0(Λ) is given by
g
(
dimVγ
)= dimVτ−α − dimVν−β.
748 L. Peng, Y. Tan / Journal of Algebra 266 (2003) 723–748By an argument completely similar to Theorem 4.1, we have the following
Theorem 5.1 (Sevenhant–Van den Bergh, cf. [10]). There is an automorphism τ− ofD(Λ)
given by (5.1).
By a direct computation, we have the following
Proposition 5.1. As automorphisms of D(Λ), τ−ω= ωτ−, where ω is given by (2.5).
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